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Abstract
In this note, we give a complete solution of the existence of modi1ed group divisible designs
with block size 4. An application of the design to sampling designs is also discussed.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A group divisible design (GDD) is a triple (X;G;B) which satis1es the following
properties:
1. G is a partition of a set X (of points) into subsets called groups,
2. B is a family of subsets of X (called blocks) such that a group and a block contain
at most one common point,
3. every pair of points from distinct groups occurs in exactly  blocks.
A modi1ed group divisible design (MGDD) was 1rst introduced in [1]. We adapt
the following de1nition of [3].
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Denition 1.1. Let X be a set of mn points where the points of X are denoted as
xi; j ; 06 i6m−1; 06 j6 n−1. Let B be a collection of subsets of X (called blocks),
which satis1es the following conditions:
1. |B|= k for every block B∈B;
2. every pair of points xi1 ;j1 and xi2 ;j2 of X is contained in exactly  blocks, where
i1 = i2 and j1 = j2;
3. the pair of points xi1 ;j1 and xi2 ;j2 with i1= i2 or j1=j2 is not contained in any blocks.
Then we call (X;B) a modi:ed group divisible design and denote it by MGD[k; ; m;
mn]. The subsets {xi; j| 06 i6m− 1}, where 06 j6 n− 1 are called groups and the
subsets {xi; j| 06 j6 n− 1}, where 06 i6m− 1 are called holes.
Modi1ed group divisible designs are motivated by the existence problem of resolv-
able group divisible designs. An MGDD can be regarded as a GDD with holes.
By a simple calculation, we can easily obtain the following necessary conditions for
the existence of an MGDD.
Lemma 1.2. Necessary conditions for the existence of an MGD [k; ; m; nm] are that
m¿ k; n¿ k; (n−1)(m−1) ≡ 0 (mod k−1) and nm(n−1)(m−1) ≡ 0 (mod k(k−1)).
In [1], it is proved that the necessary conditions are suEcient when k = 3. How-
ever, when k = 4, these conditions are not suEcient. A counter-example is that an
MGD[4,1,6,24] does not exist because there do not exist two mutually orthogonal
Latin squares of order 6. The existence of MGDD with block size four was discussed
in [3,9]. The following theorem gives an almost complete solution.
Theorem 1.3 (Assaf and Wei [3], Ling and Colbourn [9]). An MGD[4; ; m; nm] exists
whenever m; n¿ 4 and (n− 1)(m− 1) ≡ 0 (mod 3), except when =1 and {m; n}=
{6; 4}, and possibly when = 1 and {m; n}∈ {{6; 16}; {6; 22}; {10; 15}; {10; 18}}.
In this note, we will construct the four unknown designs directly and give the fol-
lowing complete solution for the existence of MGDD with block size 4.
Theorem 1.4. An MGD[4; ; m; nm] exists if and only if m; n¿ 4 and (n−1)(m−1) ≡
0 (mod 3), except when = 1 and {m; n}= {6; 4}.
Then we will discuss an application of MGD[4; ; m; mn] to some interesting sampling
designs.
2. Constructions
In this section, we give the constructions of four MGDDs. First, we construct an
MGD[4; 1; 10; 10 · 18]. To do that, we consider an incomplete MGDD. Suppose that
the points of one hole are deleted from an MGD[4; 1; m; nm]. Then the blocks can be
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divided into two parts: one part with blocks of size 4 and other part with blocks of
size 3. Furthermore, all the blocks of size 3 can be partitioned into m partial parallel
classes such that the blocks of each class contain all the points of the MGDD except
the points of one group and the missing hole.
In the following, we construct an MGD[4; 1; 10; 10 ·18] with a missing hole {xi|06 i
6 9}. To obtain the desired MGDD, we just need to put xi to each block of a partial
parallel class (there are exactly 10 such classes). The notation “+d mod g” denotes that
all elements of the base blocks should be developed cyclically by adding d (mod g)
to them, while the in1nite point x, if it occurs in the base block, is always 1xed.
MGD[4; 1; 10; 10 · 18] with a missing hole {xi|06 i6 9}:
Point set: Z170 ∪ {xi|06 i6 9}.
Groups: {i; i + 10; i + 20; i + 30; : : : ; i + 160; xi}; 06 i6 9:
Holes: {j; j + 17; j + 34; j + 51; : : : ; j + 153}; j = 0; 10; 20; : : : ; 160:
Blocks: Developed by (+2 mod 170)
{2; 21; 125; 144}; {1; 2; 4; 96}; {2; 27; 64; 148};
{2; 93; 108; 115}; {1; 32; 135; 144}; {2; 17; 45; 103};
{2; 15; 146; 150}; {2; 38; 76; 149}; {1; 28; 110; 115};
{2; 71; 83; 116}; {2; 14; 118; 119}; {1; 53; 94; 117};
{2; 31; 39; 55}; {2; 10; 54; 151}; {1; 33; 40; 138};
{1; 43; 165; 167}; {1; 116; 127; 162}; {1; 63; 126; 140};
{1; 26; 83; 97}; {1; 27; 76; 108}; {2; 5; 43; 154};
and
{9; 14; 81}; {8; 107; 162}; {13; 26; 105};
{14; 136; 142}; {10; 93; 169}; {5; 48; 157}:
The initial two partial parallel classes are
{9; 14; 81}; {8; 107; 162}; {13; 26; 105} (+10 mod 170);
which misses the group {0; 10; 20; : : : ; 160}, and
{14; 136; 142}; {10; 93; 169}; {5; 48; 157} (+10 mod 170);
which misses the group {1; 11; 21; : : : ; 161}. Adding 2; 4; 6; 8 mod 170 successively to
the above two initial partial parallel classes gives the other partial parallel classes.
Other three designs are displayed as follows:
MGD[4; 1; 6; 6n] for n∈{16; 22}:
Points: (Z5 ∪ {x})× Zn.
Groups: {{i} × Zn}; i∈Z5 ∪ {x}.
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Holes: {(Z5 ∪ {x})× {j}}; j∈Zn.
Blocks: n= 16: Developed by (+1 mod 5;+2 mod 16)
{(x; 0); (1; 1); (2; 2); (3; 13)}; {(x; 0); (1; 3); (2; 7); (4; 8)};
{(x; 0); (1; 4); (2; 11); (0; 10)}; {(x; 0); (1; 5); (3; 14); (4; 6)};
{(x; 0); (1; 9); (3; 12); (4; 15)}; {(x; 1); (3; 11); (1; 2); (0; 9)};
{(x; 1); (4; 5); (2; 8); (0; 3)}; {(x; 1); (2; 6); (1; 10); (3; 15)};
{(x; 1); (1; 4); (4; 7); (0; 14)}; {(x; 1); (1; 12); (4; 0); (0; 13)};
{(1; 1); (2; 12); (3; 0); (0; 2)}; {(1; 1); (2; 4); (0; 12); (4; 10)};
{(1; 1); (2; 6); (0; 15); (4; 9)}; {(1; 1); (0; 0); (2; 14); (3; 12)};
{(1; 1); (2; 13); (0; 9); (3; 7)}:
n= 22: Developed by (+1 mod 5;+2 mod 22)
{(x; 1); (1; 4); (0; 7); (2; 8)}; {(x; 1); (1; 17); (4; 18); (0; 20)};
{(x; 1); (1; 2); (3; 6); (4; 14)}; {(x; 1); (1; 10); (2; 16); (4; 19)};
{(x; 1); (1; 5); (4; 11); (3; 15)}; {(x; 1); (1; 3); (2; 9); (0; 12)};
{(x; 1); (1; 13); (2; 21); (3; 0)}; {(x; 2); (1; 1); (3; 9); (2; 17)};
{(x; 2); (1; 3); (0; 13); (4; 14)}; {(x; 2); (1; 5); (0; 16); (3; 20)};
{(x; 2); (1; 7); (3; 10); (4; 11)}; {(x; 2); (1; 4); (0; 8); (4; 18)};
{(x; 2); (1; 6); (2; 15); (4; 0)}; {(x; 2); (1; 12); (0; 19); (3; 21)};
{(1; 1); (2; 3); (4; 8); (3; 13)}; {(1; 1); (3; 3); (2; 5); (4; 16)};
{(1; 1); (2; 4); (4; 18); (3; 20)}; {(1; 1); (3; 5); (4; 10); (2; 12)};
{(1; 1); (4; 6); (3; 18); (0; 20)}; {(1; 1); (0; 6); (3; 7); (2; 0)};
{(1; 1); (2; 8); (4; 9)(0; 18)}:
MGD[4; 1; 10; 10 · 15):
Points: Z10 × Z15.
Groups: {Z10 × {j}}; 06 j6 14.
Holes: {{i} × Z15}; 06 i6 9.
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Blocks: Developed by (+2 mod 10;+1 mod 15)
{(1; 1); (5; 15); (6; 10); (7; 5)}; {(1; 1); (3; 15); (5; 8); (7; 6)};
{(1; 1); (4; 8); (6; 6); (10; 9)}; {(2; 1); (3; 14); (7; 12); (10; 10)};
{(2; 1); (4; 2); (8; 3); (9; 6)}; {(2; 1); (7; 4); (9; 5); (10; 6)};
{(1; 1); (3; 7); (4; 5); (10; 11)}; {(1; 1); (2; 7); (8; 10); (9; 14)};
{(2; 1); (7; 6); (9; 15); (10; 9)}; {(1; 1); (2; 6); (3; 5); (10; 4)};
{(2; 1); (4; 4); (5; 13); (10; 12)}; {(2; 1); (5; 10); (6; 12); (10; 2)};
{(1; 1); (3; 11); (6; 2); (7; 4)}; {(1; 1); (2; 5); (4; 13); (7; 12)};
{(1; 1); (2; 8); (8; 13); (9; 9)}; {(1; 1); (2; 13); (5; 6); (8; 11)};
{(1; 1); (2; 12); (3; 13); (7; 14)}; {(1; 1); (5; 10); (6; 3); (9; 13)};
{(2; 1); (5; 14); (8; 8); (10; 5)}; {(2; 1); (3; 7); (4; 10); (5; 3)};
{(1; 1); (2; 15); (6; 4); (8; 9)}:
All of the above designs were obtained with the help of a computer.
3. An application
MGDDs were used to construct other combinatorial designs (see, e.g., [2]). Here we
discuss another application of MGDDs to some sampling designs introduced in [4].
Balanced sampling designs for the exclusion of contiguous units were 1rst introduced
in [8]. These designs can be used in survey sampling for estimating a population mean
when the units are arranged in a one-dimensional ordering and the contiguous units in
this ordering provide similar information.
Let X ={0; 1; 2; : : : ; v−1}. If C(X )=(x0; x1; : : : ; xv−1) is a cyclic ordering of X , then
xi and xi+1 are said to be contiguous points for 06 i6 v− 2, as are x0 and xv−1.
Denition 3.1. A one-dimensional k-sized balanced sampling plan excluding contigu-
ous units is a pair (X;B), where X is a set of v points (units) that has a cyclic ordering
C(X ), and B is a collection of k-subsets of X called blocks such that any two con-
tiguous points do not appear together in any block while any two noncontiguous points
appear together in exactly  blocks.
We will use 1-BSEC(v; k; ) to denote such a design.
Constructions of 1-BSECs have been considered in previous papers. We record the
following results of [5,6] which gave a complete solution for the existence of 1-BSECs
with block size 3 and 4.
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Theorem 3.2. A 1-BSEC(v; 3; ) exists if and only if v¿ 9 and (v−3) ≡ 0 (mod 6).
Theorem 3.3. A 1-BSEC(v; 4; ) exists if and only if v¿ 12 and v(v−3) ≡ 0 (mod 12),
except for v= 12 and = 1.
BSECs have been generalized to two dimensions in a natural way in [4]. Here
two-dimensional means that the set of points, say Zn × Zm, are arranged in two di-
mensions, and the points (x − 1; y); (x + 1; y); (x; y + 1), and (x; y − 1) (reducing
the sums mod n and m in the 1rst and second coordinates, respectively) are said to be
2-contiguous to the point (x; y).
Denition 3.4. A 2-BSEC(n; m; k; ) is a pair (X;B), where X = Zn × Zm and B is
a collection of k-subsets of X (blocks) such that any two 2-contiguous points do not
appear together in any block while any two points that are not 2-contiguous appear
together in exactly  blocks.
It will cause no confusion if we refer to 2-contiguous points as simply being con-
tiguous. It is easy to see that a 2-BSEC(1; m; k; ) is equivalent to a 1-BSEC(m; k; ).
The idea of two-dimensional BSEC was suggested in [7] where the following exam-
ple is described. Small neighboring plots at a dump site for chemical waste tend to give
similar information about chemical compound. The location induces a two-dimensional
ordering of the units.
The following product construction is proved in [4] which was used to construct
2-BSEC with block size three.
Theorem 3.5. If there exist an MGD[k; ; m; mn], a1 -BSEC(m; k; ) and a 1-BSEC(n; k;
), then there exists a 2-BSEC(m; n; k; ).
From Theorems 1.4, 3.3 and 3.5, we obtain the following result about 2-BSEC with
block size 4 immediately.
Theorem 3.6. There exists a 2-BSEC(m; n; 4; 3) for m; n¿ 12 and m; n ≡ 0; 3 (mod 4),
and a 2-BSEC(m; n; 4; 6) for m; n¿ 12.
Since the actual value of  used is not so important in the context of sampling,
Theorem 3.6 gives a solution for two-dimensional balanced sampling plan excluding
contiguous units with block size four, providing m; n¿ 12.
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